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Abstract: In this work (which supersedes our previous preprint [1]) we determine
the expectation value of the N = 4 SU(N) SYM Lagrangian density operator in the
presence of an infinitely heavy static particle in the symmetric representation of SU(N),
by means of a D3-brane probe computation. The result that we obtain coincides with
two previous computations of different observables, up to kinematical factors. We argue
that these agreements go beyond the D-brane probe approximation, which leads us to
propose an exact formula for the expectation value of various operators. In particular,
we provide an expression for the total energy loss by radiation of a heavy particle in
the fundamental representation.
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1. Introduction
Exact results for generic 4d quantum field theories are extremely hard to come by. The
situation improves when one considers quantum field theories with additional symme-
tries, as conformal invariance and/or supersymmetry, since these additional symme-
tries constrain the parametric dependence of a variety of interesting quantities, that
can sometimes be determined exactly.
One of the most intensively studied theories with such additional symmetries is
N = 4 SYM, which is both conformally invariant and maximally supersymmetric.
Among its local gauge invariant operators, one encounters the chiral primary operators
(CPOs) and their descendants, which fall into short multiplets of the superconformal
algebra and enjoy various special properties [2, 3, 4]. For the purposes of this work,
we will be chiefly interested in the supercurrent multiplet, whose CPO has scaling
dimension ∆ = 2, since both the Lagrangian density and the stress-energy tensor
belong to this multiplet.
Among the non-local gauge invariant operators of N = 4 SYM, locally BPS Wilson
loops and Wilson lines have also been intensively studied over the years. They are
characterized by a contour in space-time and a representation of the gauge group,
and their vacuum expectation value has been computed exactly in a few cases [5, 6].
Finally, there have been a number of works devoted to computing correlation functions
of Wilson loops with local operators [7, 8, 9].
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In a superficially different line of research, the behavior of external probes and
the response of the fields to such probes, both in vacuum and at finite temperature,
have been intensively scrutinized using the AdS/CFT duality [10]. One first goal of
the present note is to continue the study of such computations, by presenting the
evaluation of the one-point function of the Lagrangian density in the presence of a
static heavy probe in the symmetric representation1. A second, and in our opinion,
farther reaching goal is to argue that some of the questions that appear in the study of
external probes can be answered exactly, by relating them to the evaluation of certain
correlation functions involving Wilson loops and local operators. To be specific, we
propose that from the two-point function of the circular Wilson loop in the fundamental
representation and the ∆ = 2 CPO, computed exactly in [8] (and normalized by the
vev of the circular Wilson loop computed in [5]) one can read off the exact one-point
functions of this CPO and (more importantly) its descendants, in the presence of a
heavy particle following either a static trajectory (straight Wilson line) or a trajectory
with constant proper acceleration (hyperbolic Wilson line). Up to kinematic factors,
these one-point functions are given by the following function
f(λ,N) =
λ
64π2N
L2N−1(− λ4N ) + L2N−2(− λ4N )
L1N−1(− λ4N )
(1.1)
where Lαn are generalized Laguerre polynomials.
The structure of this note is as follows. In section 2 we review the study of external
probes within the framework of the AdS/CFT correspondence, and the computation
of various one-point functions of operators in the presence of such external probes.
In section 3 we present2 the computation of the one-point function of the Lagrangian
density for a static heavy particle in the symmetric representation, by means of the
study of the perturbation of the dilaton profile caused by a certain D3-brane in the AdS5
background. We note that the result that we obtain is, up to the respective kinematical
factors, exactly the same as in two previous D3-brane probe computations that have
appeared in the literature, a first one regarding the two-point function of a circular
Wilson loop with a particular chiral primary operator [9]3, and a second one devoted
to the computation for energy loss by radiation of a heavy particle in the symmetric
representation [12]. Finally, in section 4 we address why the results of these different
computations ought to coincide, and argue that their agreement holds for arbitrary
1This computation appeared in our previous preprint [1], which has been superseded by the present
work.
2See footnote 1.
3We would like to thank N. Drukker for pointing out this reference to us, and for urging us to
compare our results with the ones that appear there.
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representations of the gauge group and beyond the D-brane probe approximation. This
leads us to propose that existing exact results [8] provide an exact formula for all those
quantities.
Note Added: Quite recently, a very interesting preprint appeared [11] presenting
arguments, complementary to those provided here, for an exact formula for the radia-
tion of a moving quark in N = 4 SYM. While the possible connections between their
and our arguments remain to be fully sorted out, happily the proposed formulas for
energy loss exactly agree. Indeed, their formula depends on a function B(λ,N)
B(λ,N) =
1
2π2
λ∂λ log 〈W 〉
where 〈W 〉 is the vev of the circular Wilson loop obtained by a special conformal
transformation of the 1/2 BPS straight line, and computed exactly in [5]. Considering
the explicit form of 〈W 〉 [5], it is a simple matter to check that this function B is up
to a numerical factor our function f , eq. (1.1). In fact, using that
∂λL
1
N−1(−
λ
4N
) =
1
4N
L2N−2(−
λ
4N
)
and L1N−1 = L
2
N−1 −L2N−2 one easily sees that B = 4f , so the dependence on λ and N
is exactly the same.
2. External probes in AdS/CFT
One of the many applications of the AdS/CFT correspondence is the study of the
behavior of external probes and the response of the fields to the presence of those probes.
The first example of such computations was the evaluation of the static quark-antiquark
potential in [13, 14] by means of a particular string configuration reaching the boundary
of AdS. Following those seminal works, the key idea of realizing external heavy quarks
by strings in the bulk geometry has been generalized in many directions. In particular,
as we will briefly review, probes transforming under different representations of the
gauge group are holographically realized by considering different types of branes in the
supergravity background.
An external probe in the fundamental representation of the gauge group is dual
to a string in the bulk. At least for the simplest implementations of this identification
(i.e. in the absence of additional scales like finite mass or non-zero temperature), the
computed observables reveal a common feature: if we identify at weak coupling λ as
the analogous of the charge squared, at strong coupling there is a screening of this
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charge, in the sense that the results obtained are similar to the ones we would obtain
in classical electrodynamics, but with the strong coupling identification
e2

∼
√
λ (2.1)
This generic behavior stems from the fact that the Nambu-Goto action evaluated for
world-sheet metrics embedded in AdS5 goes like
SNG = − 1
2πα′
∫
d2σ
√
−|g| = −
√
λ
2πL2
∫
d2σ
√
−|g|
where L is the AdS5 radius which generically cancels out from this expression when
specific world-sheet metrics are plugged-in. Some examples of this are the original
quark-antiquark potential [13, 14], the expectation value of gauge invariant operators
in the presence of a particle at rest [15, 16] or following arbitrary motion [17, 18], and
the formula for energy loss by radiation [19].
This leading
√
λ result is expected to receive 1/N and 1/
√
λ corrections. The
computation of 1/
√
λ corrections is addressed for instance in [20]. As it turns out, a
possible venue to compute results that capture 1/N corrections is to switch to probes
transforming in higher rank representations of the gauge group. It is by now well
understood that on the gravity side these probes are realized by D3 and D5 branes.
Specifically, the duals of particles in the symmetric or antisymmetric representations of
the gauge group are given by D3 and D5 branes respectively, with world-volume fluxes
that encode the rank of the representation [21, 22, 23]. One of the novel features of
this identification is that some computed observables are functions of k/N , where k is
the rank of the symmetric/antisymmetric representation. This allows to explore the
AdS/CFT correspondence beyond the leading large N , large λ regime.
While the holographic prescription is in principle equally straightforward for the
study of probes in the symmetric and the antisymmetric representations, when it comes
to actual computations we currently face more difficulties in the symmetric case than
in the antisymmetric one. One of the reasons behind this difference comes from the
existence of a quite universal result for the embedding of D5 branes in terms of em-
beddings of fundamental strings, due to Hartnoll [24]: given a string world-sheet that
solves the Nambu-Goto action on an arbitrary Ricci flat manifold M , there is a quite
general construction that provides a solution for the D5-brane action in M ×S5, of the
form Σ × S4 where Σ →֒ M is the string world-sheet and S4 →֒ S5. This gives a link
between the string used to describe a particle in the fundamental representation and
the D5 brane used to represent a probe in the antisymmetric representation. Moreover,
√
λ→ 2N
3π
sin3 θk
√
λ ∼ e2Ak (2.2)
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where θk denotes the angle of S
4 inside S5 and is the solution of [25]
sin θk cos θk − θk = π
(
k
N
− 1
)
This identification is supported by explicit computations of Wilson loops [22, 24] which
match matrix model computations [26], energy loss by radiation in vacuum [12] and
in a thermal medium [27], or the impurity entropy in supersymmetric versions of the
Kondo model [28].
On the other hand, for probes in the symmetric representation we currently don’t
have a generic construction that links the string that realizes a particle in the fundamen-
tal representation with a D3 brane that realizes a probe in the symmetric representation.
Furthermore, while the observables analyzed so far in the symmetric representation
seem to depend on the combination
κ =
k
√
λ
4N
(2.3)
introduced in [29], they do not display a common function that replaces the
√
λ depen-
dence of the fundamental representation. For instance, in the computation of the energy
loss by radiation in vacuum of a particle moving with constant proper acceleration, it
was found in [12] that
√
λ→ 4Nκ
√
1 + κ2 = k
√
λ
√
1 +
k2λ
16N2
?∼ e2Sk (2.4)
while for the vev of a circular Wilson loop, it was found that [29]
√
λ→ 2N(κ
√
1 + κ2 + sinh−1 κ)
While both functions expanded as a power series in κ start with the common
term k
√
λ (i.e. k times the result for the fundamental representation) they are clearly
different beyond this leading order.
In order to shed some light on the issue of observables for probes in the sym-
metric representation, in the next section we will compute the expectation value of
the Lagrangian density in the presence of an infinitely heavy half-BPS static particle,
transforming in the k-symmetric representation of N = 4 SU(N) SYM. This operator
is sourced by the asymptotic value of the dilaton [30] (we follow the conventions of [18])
,
OF 2 = 1
2g2YM
Tr
(
F 2 + [XI , XJ ][X
I , XJ ] + fermions
)
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On general grounds, in the presence of a static probe placed at the origin, and trans-
forming in the R representation of the gauge group, the one-point function will be of
the form
〈OF 2(~x)〉R =
fR(λ,N)
|~x|4
and our objective is to compute the dimensionless function fSk(λ,N) when the probe
transforms in the k-symmetric representation of SU(N). By analogy with the Coulom-
bic case, one might refer to fSk(λ,N) as the square of the “chromo-electric” charge of
the heavy particle. To carry out this computation we will consider a particular half-
BPS D3-brane embedded in AdS5×S5 and analyze the linearized perturbation equation
for the dilaton, with the D3-brane acting as source. The advantage of considering this
operator is that the perturbation equation of the dilaton decouples from the equations
for the metric and RR field perturbations, so its study is quite straightforward.
The analogous computation for a particle in the fundamental representation was
carried out some time ago, considering in that case the perturbation equation for the
dilaton sourced by a fundamental string [15, 16]. For future reference, let’s end this
section by quoting their final result in our conventions,
〈OF 2(~x)〉 =
√
λ
16π2
1
|~x|4 (2.5)
3. Static fields via a probe computation
In this section we will present the details of the computation of 〈OF 2〉 in the presence
of a static heavy probe transforming in the symmetric representation. We will first
compute the linearized perturbation of the dilaton field caused by the D-brane probe,
and from its behavior near the boundary of AdS5 we will then read off the vev of OF 2 .
Our computations will closely follow the ones presented in [15, 16] for the case of a
probe in the fundamental representation.
We work in Poincare´ coordinates and take advantage of the spherical symmetry of
the problem
ds2AdS5 =
L2
z2
(
dz2 − dt2 + dr2 + r2dθ2 + r2 sin2 θdϕ2)
The D3-brane we will be interested in was discussed in [13, 29]. It reaches the boundary
of AdS (z = 0 in our coordinates) at a straight line r = 0, which is the world-line of the
static dual particle placed at the origin. Since we let the D3 brane reach the boundary,
the static particle is infinitely heavy. To describe the D3-brane, identify (t, z, θ, ϕ) as
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the world-volume coordinates. Then the solution is given by
r = κz Ftz =
√
λ
2π
1
z2
with κ as defined in eq. (2.3). As shown in detail in [29] this D3-brane is 1/2-BPS.
Our next step is to consider at linear level the backreaction that this D3-brane
induces on the AdS5 × S5 solution of IIB supergravity. More specifically, since the
dilaton is constant in the unperturbed solution, and its stress-energy tensor is quadratic,
at the linearized level the equation for the perturbation of the dilaton decouples from
the rest of linearized supergravity equations. As in [15, 16], we work in Einstein frame,
and take as starting point the action
S = −Ω5L
5
2κ210
∫
d5x
√
−|gE|1
2
gmnE ∂mφ∂nφ− TD3
∫
d4ξ
√
−|GE + e−φ/22πα′F |
The resulting equation of motion can be written
∂m
(√
−|gE|gmnE ∂nφ
)
= J(x)
with the source defined by the D3-brane solution
J(x) =
TD3κ
2
10
Ω5L
κ sin θ
z2
δ (r − zκ)
To compute φ(x) we will use its Green function D(x, x′)
φ(x) =
∫
d5x′ D(x, x′) J(x′)
It is convenient to write D(x, x′) purely in terms of the invariant distance v defined by
cos v = 1− (t− t
′)2 − (~x− ~x′)2 − (z − z′)2
2zz′
(3.1)
The explicit expression for D(v) can be found for instance in [15]
D =
−1
4π2L3 sin v
d
dv
(
cos 2v
sin v
Θ(1− | cos v|)
)
To carry out the integration, we follow the same steps as [15]. We first define a rescaled
dilaton field,
φ˜ ≡ Ω5L
8
2κ210
φ
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and use eq. (3.1) to change variables from t′ to v to obtain, after an integration by
parts
φ˜ =
Nκz2
16π4
∫
∞
0
dr′
∫ π
0
dθ′ sin θ′
∫ 2π
0
dϕ′
∫
∞
0
dz′ δ(r′ − z′κ)
(z2 + z′2 + (~x− ~x′)2) 32
∫ π
0
dv cos 2v(
1− 2zz′ cos v
z2+z′2+(~x−~x′)2
) 3
2
The integral over v is the same one that appeared in the computation of the pertur-
bation caused by a string dual to a static probe [16]. The novel ingredient in the
computation comes from the non-trivial angular dependence in the current case. While
it might be possible to completely carry out this integral, at this point it is pertinent to
recall that to compute the expectation value of the dual field theory operator, we only
need the leading behavior of the perturbation of the dilaton field near the boundary of
AdS5. Specifically [15],
〈OF 2〉 = − 1
z3
∂zφ˜|z=0 (3.2)
so for our purposes it is enough to expand the integrands in powers of z, and keep only
the leading z4 term. This simplifies the task enormously, and reduces it to computing
some straightforward integrals. Skipping some unilluminating steps we arrive at
φ˜ =
Nκ
16π2
z4
(z2 + r2)2
1
(1 + κ2)3/2
1(
1− κ2
1+κ2
r2
r2+z2
)2 +O(z5)
which upon differentiation, and setting then z = 0 as required by eq. (3.2), leads to
our final result
〈OF 2〉Sk =
Nκ
√
1 + κ2
4π2
1
|~x|4 =
k
√
λ
16π2
√
1 + k
2λ
16N2
|~x|4 (3.3)
to be compared with the result for the fundamental representation (2.5).
4. Exact results for static and radiative fields
The coefficient that appears in the one-point function (3.3) computed in the previous
section has appeared before in the literature, at least in two different computations.
Let us review them in turns. The first place where this coefficient appears is in the
computation of the large distance behavior of the correlation function of a circular
Wilson loop in the symmetric representation with the ∆ = 2 chiral primary operator
by means of a D3-brane [9]. A circular Wilson loop can be expanded in terms of local
operators when probed from distances much larger than its radius, and the coefficients
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appearing in this OPE can be read off from the large distance behavior of the two-point
function of the Wilson loop and the local operators[31]
〈W (C)On〉
〈W (C)〉 = cn
R∆n
L2∆n
+ . . .
The authors of [9] computed the coefficients cn in the case that the local operators are
chiral primary operators given by symmetric traceless combinations of scalar fields, and
for a Wilson loop in the symmetric or antisymmetric representation. For the symmetric
representation and in their normalization4 for On, they obtained (eq. (4.20) in [9])
cGRTSk,∆ =
2∆/2+1√
∆
sinh(∆ sinh−1 κ)
In the previous section we computed a one-point function for the Lagrangian density,
which belongs to the same short multiplet as the chiral primary operator with ∆ = 2,
so we are interested in comparing our result with the previous formula for ∆ = 2
cGRTSk,2 = 4
√
2κ
√
1 + κ2 (4.1)
which displays the same dependence in λ andN as our result (3.3), except for the overall
differing normalization conventions for O2 (as a check, both results reproduce in the
corresponding limit the previously known results for the fundamental representation,
k = 1).
We are now going to argue that this agreement can be understood as following from
generic properties of N = 4 SYM, and it is a reflection of exact relations among expec-
tation values of various operators. These relations are valid for any representation of
the gauge group, and beyond the regime of validity of the D-brane probe computation.
Our argument proceeds in three steps: first, we notice that the one-point function of an
operator in the presence of an external probe is equivalent to the two-point function of
the operator with the corresponding Wilson loop, normalized by the vev of the Wilson
loop.
As the second step in our argument, we claim that the coefficient that appears in
the normalized two-point function of a circular Wilson loop with a CPO is the same that
the one that appears in the (trivially, since 〈W 〉 = 1 for the straight line) normalized
two-point function of a straight line Wilson loop with the same CPO. One argument5
is that in the conformal transformation from the line to the circle, both the two-point
function and the vev of the Wilson loop pick up the same anomalous contribution, so
it will cancel in the ratio.
4[9, 31] consider CPOs whose two-point function is unit-normalized [3].
5due to N. Drukker.
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Finally, since the Lagrangian density and the stress-energy tensor are descendants
of O2, we expect that their normalized two-point functions with the circular Wilson
loop are determined by the same coefficient as the normalized two-point function of
O2.
This line of reasoning explains the agreement found between results (3.3) and (4.1),
obtained in the D-brane probe approximation for external sources in the symmetric
representation, but goes well beyond this particular case. If we are somehow able to
exactly compute the normalized two-point function of O2 and the 1/2 BPS circular
Wilson loop in some representation, we claim that this also gives the exact one-point
function of the Lagrangian density or the stress-energy tensor in the presence of a
heavy particle in that representation. Luckily, some of the relevant computations have
already been performed; for instance, in [8], Okuyama and Semenoff computed the
exact two-point function of a circular Wilson loop in the fundamental representation
and a chiral primary operator, by means of a normal matrix model. In particular, for
the unit-normalized chiral primary operator O2 they obtain (eq. (4.5) in [8])
〈W (C)O2〉 =
√
2λ
4N3
[
L2N−1(−
λ
4N
) + L2N−2(−
λ
4N
)
]
e
λ
8N
so after normalizing by the vev of the circular Wilson loop computed in [5] we obtain
c2 =
〈W (C)O2〉
〈W (C)〉 =
√
2λ
4N2
L2N−1(− λ4N ) + L2N−2(− λ4N )
L1N−1(− λ4N )
The authors of [9] already showed that this matrix model result reduces in the corre-
sponding limit to the one computed with the D3-brane probe approximation, eq. (4.1).
Furthermore, in the planar limit it reproduces the result of [7]. Applying the reasoning
presented above, we therefore propose that the exact one-point function of OF 2 in the
presence of a heavy probe in the fundamental representation is given by
〈OF 2(~x)〉 =
λ
64π2N
L2N−1(− λ4N ) + L2N−2(− λ4N )
L1N−1(− λ4N )
1
|~x|4 (4.2)
This is one of our main results. It reduces in the large λ, large N limit to the known
result (2.5). More than that, while the range of validity of the probe computation
in the previous section a priori does not include setting k = 1 (i.e. considering the
fundamental representation) if we nevertheless go ahead and set k = 1, it can be
checked that (3.3) correctly captures the large λ, large N limit with κ fixed of (4.2).
This type of agreement between a matrix model result and a D3-brane computation,
beyond the expected regime of validity of the D-brane probe approximation, has been
observed before [29].
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So far we have been discussing static sources. Let’s now turn to particles undergoing
accelerated motion, where we will encounter for the second time that the coefficient
of the one-point function (3.3) computed in the previous section had appeared before
in the literature. In [12], two of the present authors computed the energy loss by
radiation of an infinitely heavy particle transforming in the symmetric or antisymmetric
representation, in the large λ,N , fixed κ limit. For the symmetric representation, it
was possible to carry out the computation only for the particular case of a particle
undergoing motion with constant proper acceleration, and the total radiated power
obtained was [12]
PSk =
2Nκ
π
√
1 + κ2
1
R2
(4.3)
where R appears in the hyperbolic trajectory −(x0)2 + (x1)2 = R2. Note that again,
apart from kinematic factors, the coefficient that appears in the total radiated power,
eq. (4.3), is the same one as in the one-point function computed in the previous section,
eq. (3.3) and in the two-point function of the circular Wilson loop with O2, eq. (4.1).
The agreement between coefficients in eq. (4.3) and in eq. (4.1) is perhaps not too
surprising from the field theory point of view, since the radiated power can be read
off from the stress-energy tensor, which as already mentioned is in the same short
multiplet as O2, and the D3-brane corresponding to hyperbolic motion [12] is just the
continuation to Lorentzian signature of the Euclidean D3-brane used to compute the
vev of the circular Wilson loop [29]. Let us nevertheless note that from the point
of view of the D3-brane computations, this agreement was not a foregone conclusion,
even if the D3-branes used in these three computations are related by a conformal
transformation and/or continuation to Lorentzian signature. For instance, the energy
loss computation in [12] captured physics of radiative fields, encoded in the bulk by the
presence of a horizon in the world-volume of the D3-brane, while in the computation
of the previous section, the physics of static fields is captured by the behavior near the
AdS boundary, and the D3-brane world-volume has now no horizon.
Furthermore, this agreement between the coefficient of radiated power and the two
point function of the circular Wilson loop with O2 also takes place for the antisymmetric
representation, at least at the D-brane probe computation. This can easily be checked
by comparing the relevant results obtained respectively in [12] and [9], by means of
D5-brane probes.
This second agreement in the coefficients of eq. (3.3) and eq. (4.3), or perhaps
more directly between eq. (4.3) and eq. (4.1), leads us again to propose that given a
particular representation of the gauge group, the full coefficients are exactly the same.
In particular this proposal implies that the exact formula for radiated power of an
infinitely heavy particle transforming in the fundamental representation and undergoing
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hyperbolic motion, valid for arbitrary values of N and λ is
P =
λ
8πN
L2N−1(− λ4N ) + L2N−2(− λ4N )
L1N−1(− λ4N )
1
R2
(4.4)
This is our second main result in this section. It reduces in the large λ, large N limit
to the one obtained by Mikhailov [19]. Furthermore, if we again set k = 1 in the result
of the D3-brane probe computation for the k-symmetric representation, eq. (4.3), we
obtain an agreement in the large λ, large N , fixed κ limit, even though k = 1 is beyond
the regime of validity of the computation [12] yielding (4.3).
Let us conclude this paper by commenting on the possibility that the previous
formula (4.4) for total radiated power might be valid not only for hyperbolic motion,
but for an arbitrary timelike trajectory, with the obvious substitution 1/R2 → aµaµ.
A first piece of evidence is that Mikhailov’s computation [19] of the total radiated
power for arbitrary timelike trajectories does indeed give a common
√
λ coefficient,
independent of the trajectory. Some further evidence beyond the leading large N, large√
λ result is given by the fact that for particles in the antisymmetric representation, the
D5-brane computation in [12] again gives a Lie´nard-type formula for the total radiated
power. This issue deserves further attention.
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